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The foregoing boundary-value problem was solved with the
aid of a digital computer. It was found that the arch buckles
by sidesway (see Fig. 1), displaying bifurcations in the load-
deflection curves. The calculated values of the critical load
w and the critical vertical displacement vc of the crown are
presented in Fig. 2 for different subtending angles 2a. As
seen from this figure, the larger the arch rise, the smaller is the
intensity of the critical distributed load for given values of the
initial radius a and flexural rigidity EL Shallow arches have
not been considered, as the inextensible theory yields accurate
results for deep arches only.

Of some interest should be the comparison of the total
critical weight 2aaw with the critical concentrated downward
load P at the crown of the arch. For example,

2aaw = 24.4 El/a2, 15.3 El/a*
for < 45°

2aaw = 7.85 El/a*, P = 5.86 El/a*

2aaw = 1.17 El/a*, P = 0.89 El/a*

for a = 90°

for a = 135°

where the critical values for P are taken from Refs. 9 and 11.
(Remark: The critical values of P = 6.17 El/a2 and 12.74
El/a* for a = 90° and 53.1301°, respectively, as calculated by
a finite element method in Refs. 14 and 15, do not agree well
with our values of 5.86 El/a* and 13.00 EI/az which have
been calculated by means of an exact theory.)

The foregoing comparison of buckling loads may be of some
utility in the interpretation of test results for arches sub-
jected to concentrated loads, since it is difficult to eliminate
the effect of the dead weight of the arch tested.
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Vibrations of Pressurized
Orthotropic Shells

CLIVE L. DYM*
Carnegie-Mellon University, Pittsburgh, Pa.

Introduction

THE purpose of this short Note is to extend for the sake of
completeness some previously published results on the

vibration of pressurized orthotropic cylindrical membranes.1
In that paper the effects of a) internal pressurization, b) the
variation of elastic constants, and c) the deletion of the inplane
inertia, upon the free and forced vibrations of membrane
shells was examined. The present analysis will display the
effects of these physically important parameters upon the
free vibrations of shells where the bending terms are included.

Analysis

The formulation is based on the nonlinear strain-displace-
ment relations used in the theory of shallow shells. With u*,
v*, w* being the dimensional displacements they take the
form

(1)

These kinematic equations are used in conjunction with the
linear orthotropic relations for a conservative material in a
state of plane stress

Txx — Cu€x
(2)

and Hamilton's principle to derive the following set of equilib-
rium equations:

by (3a)

cty2

I- (̂ , *£<>y \ da;

Here the N^ and M^ are the usual stress and moment result-
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Fig. 1 Radial frequency factor vs circumferential wave
number.

ants, and the reduction to the membrane equations given in
Ref. 1 are accomplished by setting the MU equal to zero, and
writing the N^ as £»>

Equations (3) are then linearized about an internal pressure
state given as Nxx° = rxx°h, Nyy° = ryy

Qh, and this linearized
set can be expressed in terms of the perturbation displace-
ments u, v and w as follows:

~D~ ~>T = P' (4a)

n 1 dw d2^ 1 / h \2 FC M ¥ " ^ T ~ P ' W . ~ U \ R ) lCn

(2Ci2 -I- 4G12)

—Ji = P
(4b)

Note the appearance of the thickness-to-radius ratio in the
radial equilibrium equation that arises from the inclusion of
the bending terms.

To examine the free vibration natural frequencies of the
pressurized shell, a Rayleigh-type solution is postulated, that

K 3

Fig. 2 Radial frequency factor vs circumferential wave
number.

u(x,y,t) = A cos(mirx/L) cos(ny/R) cosotf

) sin(ny/R) sinco^
) co$(ny/R) cosut

(5)

where co is the natural frequency expressed in radians-per-
second. This solution satisfies the boundary conditions
(at x = 0,L) of a simply supported shell, i.e.,

Nxx = Mx v = w = 0 at x = 0, L (6)
(Of course, in Eq. (6), all the quantities are perturbation
quantities.)

Substitution of the solutions (5) into the differential Eqs.
(4) yields a system of three linear algebraic equations for the
coefficients Amn, Bmn, Cmn. Written in matrix form they are

- X2 -
(a

O (« +
(Kz + y_\*

pn (Kz - H -

To write Eq. (7) in this compact form, the following quanti-
ties have been introduced:

K = frequency factor = (p/Cii)1/2Eco

X = axial wave length factor = mirR/L

a = Cu/Cu, ft = C22/Cn, 7 = GWCu (8)

H = TV(V^)2[X4 + (2a + 4T) XV + /fo4]

txo — Txx°/Cn} tyQ = Tyy°/Cn

A nontrivial solution to the system Eq. (7) can exist only if
the determinant of the coefficient vanishes. This yields a
cubic equation in the square of the frequency factor K.
Thus for each mode (aach pair X, ri), three frequencies are
found, the lowest of which corresponds to motion that is pre-
dominantly radial.

It is possible to obtain a much simpler solution for this low
(radial) frequency by deleting the inplane inertia terms in
Eqs. (4). This corresponds to deleting the K2 terms in the
first two of Eqs. (7), which yields after a straight forward
calculation the following explicit expression for the radial
frequency factor:

£rad
2 = ^oX2 + ^on2 -h

.(0 - «2)X4/{X4 + [(/3 - c*2)/7 - 2a]\V + /3n*} +
TV(V^)2[X4 + (2« + 47)XV + ^4] (9)

If the ratio h/R is allowed to vanish, the resulting expression
will be that of the radial frequency of the membrane shell
[Eq. (24) of Ref. 1]. For the isotropic shell [a = v, (I =* I ,
7 = (1 — *>)/2], the result Eq. (9) is further simplified:

^(4) (X2 + «2)2 (10)

Before proceeding to the numerical results it is of interest to
point out that Eqs. (9) and (10) may be used for the explicit
calculation of buckling loads, achieving precisely the order of
accuracy obtainable from the well-known linearized eighth-
order Donnell equation.! This may be done on the basis of

t Of course this is hardly surprising since a linearized shallow
shell theory without in-plane inertia was used to obtain Eq. (9).
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the "vibration" approach to stability, where one seeks those
values of compressive loads for which the frequency vanishes.2
Thus if TXX

Q and ryy
Q (or tXQ and ty0) are taken as positive in

compression, one obtains from Eq. (9) the result that

X4

I
12

[X4 + (2a.+ 47) XV + (11)

From Eq. (11) the critical loads for simple axial compression
(Tyy° = 0), simple radial pressure (rxx° = 0, Tyy° = pR/h) and
hydrostatic pressure (TXX° = l/^Tyy

G = pR/2h) are obtained
by appropriate minimization with respect to X and n. An
interesting algorithm for accomplishing this task has re-
cently been given by Pappas and Amba-Rao.3

Results

The results obtained by evaluating the lowest eigenvalue of
the matrix Eq. (7) and the approximate radial frequency of
Eq. (9) are displayed in Figs. 1-2. One thing that is clear
immediately is the very good agreement between these two
solutions, excepting only the case of a thick shell (h/R =
1/10) where the validity of a thin shell theory may be ques-
tionable, and in the range of n = 2 where the Donnell-type
shell theories may not be entirely accurate.

Comparison of Figs. 1 and 2 indicates the effects of internal
pressurization. One result is that the pressures drive up the
frequency for a given geometry and wave number. This driv-
ing effect appears to be larger, for a given internal pressure,
on the thinner shells. Another result of the pressurization is
that the membrane frequencies no longer vanish as n -* oo.

Similar calculations were carried out with a sharp reduction
in the circumferential stiffness, in fact a drop of 80% in that
stiffness. The qualitative results just indicated hold for the
orthotropic shell also, except that for large wave numbers the
pressurization effect makes the variation of the elastic con-
stants negligible. In the absence of pressurization, or for
small wave numbers in the presence of pressurization, the
drop in the circumferential stiffness yields a sizable decrease
in the frequencies of free vibration.

In other results not displayed for the sake of brevity, it is
also found that the frequencies of the inplane modes of
vibration are virtually insensitive to changes in the thickness-
to-radius ratio of the shell for reasonably thin shells (h/R <
1/20].

Conclusions

The principal conclusions are as follows: 1) the deletion of
the inplane inertia terms allows in most cases of bending of
orthotropic shells a very good approximation of the "radial"
frequency; 2) the change of circumferential stiffness yields
sizable changes in the free vibration frequency of the radial
mode; and 3) the introduction of pressurization can increase
the shell's radial frequency substantially, and can eliminate
entirely changes due to a decrease in the circumferential
stiffness.

References
1 Dym, C. L., "Vibrations of Pressurized Orthotropic Cylin-

drical Membranes," AIAA Journal, Vol. 8, No. 4, April 1970, pp.
693-699.

2 Ziegler, H., Principles of Structural Stability, Blaisdell, Walt-
ham, Mass., 1968, pp. 12-14.

3 Pappas, M., and C. L. Amba-Rao, "A Discrete Search Pro-
cedure for the Minimization of Stiffened Cylindrical Shell Stabil-
ity Equations," AIAA Journal, Vol. 8, No. 11, Nov. 1970, pp.
2093-2094.

Effect of Angle of Attack on Boundary-
Layer Transition at Mach 21
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Nomenclature

M = Mach number
q = convective heat-transfer rate, w/m2

R = Reynolds number
rn = nose radius, cm
Tt,a> = total temperature, °K
Tw = wall temperature, °K
X = distance along cone surface from tip, cm
Bc — cone half-angle, deg

Subscripts
e = cone boundary-layer edge conditions at a
E,ti = end of transition
$,tr = start of transition
oo = freestream conditions

FOR Mach numbers less than 11, the investigations of Refs.
1-5 indicate that angle of attack promotes sharp cone

boundary-layer transition on the leeward ray while retarding
transition on the windward ray. This behavior is usually
attributed to the instability of the crossflow from the wind-
ward to the leeward side. However, the investigation of
Ref. 6 with Mm ~ 20 and Me(a = 0°) ~ 16 indicated a trend
opposite to this. That is, transition was retarded on the lee-
ward ray and promoted on the windward ray. This conflict-
ing behavior was attributed to the large local Mach number
changes caused by angle of attack and the subsequent effect
of this local Mach number change on transition. The present
investigation is intended to reassess the results of Ref. 6 and
extend the transition data over a wider angle-of-attack range
utilizing alternate instrumentation. Testing occurred in the
same facility as for the previous investigation6 and employed
a cone of identical external geometry.

The model used in the present investigation was a 152.4 cm
long, 2.87° half-angle smooth cone, fabricated from 347 stain-
less steel and instrumented with thermocouples and pressure
orifices. Skin thickness at the thermocouple location was
0.015 cm and nose radius 0.010 cm. The data were obtained
in the Langley 22-in. Mach 20 helium tunnel which has an
axisymmetric contoured nozzle. Angle of attack was in the
range a = 0°-3° with the freestream Reynolds number main-
tained at about 0.47 X 106/cm. All tests were conducted in
unheated flow (Tt,m « 300°K) with Tw/Tt^ « 1.0 and a
freestream Mach number of 21.5.

Typical heat-transfer distributions on the cone surface are
presented in Fig. 1 for a = 0° and a = 1°. Since these
tests were conducted at Tw/Tt,m ~ 1-0, the heat flux was from
the model to the flow ( — q). The boundary-layer transition
location was taken as the location where the heat-transfer
data first departed from the laminar level. The results of the
present transition measurements, shown in Fig. 2, along with
the results of Ref. 6, indicate that transition generally moves
forward on the leeward ray with little movement on the wind-
ward ray, except for a = 0°-1° where an apparent reversal
takes place on both rays. This result is in direct conflict
with the findings of Ref. 6. Since both investigations were
conducted in the same facility and both models had the same
external geometry with nearly identical nose radii the dis-
crepancy in results is attributed to the different methods of
transition detection. Additional tests were conducted using a
0.0025-cm nose radius tip with no measurable change occurring
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